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FLOW METERS. 1 


I. The Effect of Pressure and Temperature on a Meter for 
Measuring the Rate of Flow of a Gas. By N. W. 
McLacutan, D.Sc., MI.E.E. 


COMMUNICATED BY E. H. Rayner, M.A., Sc.D. 
RECEIVED JUNE 19, 1919. 

A TyPE of meter for measuring the rate of flow of a gas in 
litres per minute, or in any other unit of like dimensions, is 
shown diagrammatically in Fig. 1... It consists of a flat mov- 
able vane V (balanced and damped) on pivots, controlled by 
a spring S, the moving system being somewhat similar to that 
of a moving coil ammeter. The vane is deflected by the gas 
which issues from a nozzle N, and leaves the instrument case C 
by the exit tube #. The upper side of the case, the overall 


ee 
x4 


Fic. 1.—DIAGRAMMATIC SKETCH OF METER. 


diameter being about 5-5 cm., is covered with glass, and the 
construction of the instrument is arranged so that there are no 
leaks when it is in use. 
1. Theory of Instrument. 
The force normal to the movable vane of the meter will 
be assumed as 
| Ae te Cio on Oe ee rs OO 
where k=constant, 
o=density of gas, 
A=effective area of nozzle, 
v=velocity of gas jet, and 
n=an index, which is shown hereafter to be constant. 
The value of & depends on the area of the vane, the angle it 
makes with the gas jet, and the influence of the instrument 
case. In the experimental work described herein, the lines of 
flow of the gas were parallel, and the jet did not break up 
before it impinged on the vane. 
VOL. XXXIL ze 
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Case (a).—When the “mass of gas” (equivalent to the 
volume at normal temperature and pressure) passing through 
the meter per minute is constant for all exit pressures, and the 
vane is fixed in position, we have the force normal to the vane, 


F=k(eAv)v™4 


=k Xmacs per min. <0". ares 
Ogacto 
Also =O yo 
; Po aie 
as 
i T 
where Qo=density of gas at N.T.P., 


Po=760 mm. Hg., 
p=exit pressure of gas, 
T=abs. tempr. of gas °C., 


: 273 
and he=05 ae 
Since Av is constant, and A is assumed constant, it follows 
that ov=const. =k,, 
or, ee ee yf 
e P 
where k,=k,./k,=const. 


From (3) it is clear that, provided the temperature is con- 
stant , the velocity of the gas increases with decrease in 
the pressure of the external atmosphere into which the gas 
is discharged. This pressure is taken to be equal to the static 
pressure of the gas jet. Since a decrease in the external 
pressure is equivalent to an increase in height in the isothermal 
atmosphere *—1.¢., an increase in altitude—the velocity of the 
gas jet increases with the altitude. 

Substituting in (2) for v, we obtain 


F=kxX mass X ( kee) 


=<(=)", ee eer mE 


_ *In the work described below, the height of the isothermal atmosphere 
is taken. The relation between isothermal height and pressure is given by 
h=27,200 loge 760/pmm., where h is in feet. Ground Jevel is taken as 


ch mia. mercury and 10°C. The curve of Fig. 2 shows the relation graphi- 
cally. 
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where c=a constant, when the vane occupies a definite position 
with respect to the nozzle. 

From (4) it follows that, provided the vane is fixed with 
reference to the nozzle, and the temperature is constant, the 
force normal to the vane increases with decrease in pressure— 
2.€., Increase in altitude, although the mass of gas flowing 
through the meter per minute is constant. Hence, if the vane 
were free to move, it would be deflected beyond its position at 
ground level. With a given pressure, corresponding to a 
definite altitude, a decrease in temperature, which is expe- 
rienced in the upper atmosphere, is accompanied by a decrease 
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Fic. 2.—_CURVE SHOWING RELATION BETWEEN HEIGHT OF THE ISOTHERMAL 
ATMOSPHERE AND THE PRESSURE. 


in the force on the vane. This is due to an increase in density 
and a consequent reduction in velocity. In this case the 
deflection of the vane will diminish. Thus, in the upper atmo- 
sphere where a reduction in both temperature and pressure is 
encountered, the effect of the former will partially compensate 


that of the latter. 
Case (b).—When the meter reading is constant at all alti- 
tudes and temperatures, we have the force normal to the vane 


F=koAv"=a constant... este (oO) 
B2 
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Substituting for 0, F=kk,p/TAu" 
O'=CaL | ps 
where c,=a constant. 
ol=oy(T ip)” 
where c,=aconstant, 


and = n’=(n—1)/n. 
Thus, (pAv)o*! = mass Xc, (-) =a constant; or mass 
x (p/T". a 
Since the mass of gas is proportional to the volume at N.T.P. 


we get 
V=0,(2), ahs: ao) ke) 


where V=volume at N.T.P., and c;=a constant. 

If n’ is constant at all pressures, for a given flow-meter 
reading and constant temperature, it will be seen from (6) 
that the mass of gas decreases with the pressure, and therefore 
with increase in altitude. When the pressure is constant the 
mass increases with decrease in temperature. Moreover, as 
stated previously, in connection with case (a), the effect of 
temperature will partially compensate that of altitude. 


2. Experiments at Low Pressures and Constant Temperature. 


In order to test the validity of the above theory, the experi- 
mental work described below was carried out. Since the scale 
of the meter from 0 to 5litres per minute is only about 4m. 
long, the accuracy of the readings was not all that could be 
desired. Further, the vane of the meter oscillated when the 

“ flow exceeded 5 litres per minute, so that little or no reliance 
could be placed on observations above this figure. 

The apparatus used during the experiments is shown dia- 
grammatically in Fig. 3. An oxygen cylinder with reducing 
valve is connected through a throttle valve to the flow-meter, 
which is situated in an air-tight compartment or chamber 
fitted with glass windows. The gas from the flow meter is 
passed through a wet meter, and discharged thence into the 
chamber. A vacuum pump is used to keep the pressure of 
the gas in the chamber equal to that corresponding to some 
definite altitude. The pressure of the gas in the chamber is 
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measured by means of a mercury manometer. In conducting a 
test at any particular altitude, the oxygen supply is adjusted 
so that the flow-meter reads a certain number of litres per 
minute—7.e., the pointer is at a fixed mark on the scale. The 
control valve to the pump and the leak to the outer atmosphere 
are arranged to keep the pressure in the chamber constant. 
The time for two or more revolutions of the wet meter is taken. 
Knowing the time per revolution, the vapour pressure of the 
water in the meter, also the temperature and pressure of the 
gas in the chamber, the readings of the wet meter are reduced 
to normal temperature and pressure—i.e., 0°C. and 760 mm. 
Hg. The calibration of the flow-meter obtained in this way is 
correct only when the gas used is oxygen at the same tem- 
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Fia. 3.—DrIaAGRAM OF APPARATUS USED FOR EXPERIMEN1S AT LOW 
PRESSURES. 


perature and pressure as that of the calibration test. If the 
meter is used to measure the rate of flow of air, or any other gas, 
it will have to be recalibrated for the gas in question, or a cor- 
rection made for the different density thereof, as shown in the 
appendix. 


3. Results of Experiments at Low Pressures and Constant 
Temperature. 


The results of the experiments are illustrated graphically in 
Figs. 4,5, 6 and 7. The calibrations of the meter at ground 
level (in this case —670 ft.=—200 metres on the isothermal 
atmosphere scale) and at various altitudes up to 30,000 ft. 
—9,000 metres, are given. It appears from the results, that the 
1 ation between the N.T.P. volume of gas per minute and the 

ow-meter reading is very nearly linear at any altitude. 
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The relation between N.T.P. litres per minute and the 
altitude in feet for various flow-meter readings is shown in 
Fig. 6. The set of points for any particular flow-meter reading 
do not lie on a straight line, but on a curve of the form y=ae~*, 
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Fic. 4.—-CALIBRATION oF METER at Various ALTITUDES (EXPERIMENTAL), 


The reason for this is outlined in the appendix. It may be 
sufficiently accurate, for practical purposes (since the accuracy 
of the meter itself is not great owing to its size), to draw the 
best straight lines through the sets of points. The slopes of 
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the lines thus obtained diminish with the meter reading. This 


is due to a diminution in the value of Cs in equation (6). When 
the above procedure is adopted, we may write 


V+mh=V,, ee 7) 


Flowmeter= 2:74 L.PM. 
eal OF 4:57 LPM. 
7 
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where V,=N.T.P. volume at ground level, . 
h=altitude in feet, 
m=slope of line, 

and V=N.T.P. volume at altitude h. 
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Fic. 6.—CuRVES SHOWING RELATION BETWEEN N.T.P. VorumME AND 
ALTITUDE FoR Various Murer READINGS (EXPERIMENTAL). 


Litres per Minute (N.7.R) 


Knowing the value of m, which must be regarded as an 
average for the particular set of points for a definite reading 


of the meter at all altitudes, the N.T.P. volume of t 
altitude can be calculated. ‘ep war 
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In Fig. 7 the results of Fig. 6 are plotted on a pressure base, 
which causes an alteration in the curvature from convex 
upwards to concave upwards. 

Log V is plotted against log p in Fig. 5. The sets of points 
for 1-31 and 3-39 litres per minute are almost collinear, but 
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Fria. 7.—Curves or Fic. 6 oN A PRESSURE BASE. 


those for the other flow-meter readings lie on curves having 
a slight concavity upwards. This may be due to experimental 
errors. Taking the points to lie on straight lines in all cases, 
the slopes of these lines represent the values of n’ in equation (6). 

Using the results obtained from Fig. 5, the value of n’ may 
be taken as 0-5 on the average. The corresponding value of 
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n in equation (1) is 2. Thus the force on the vane, when the 
latter occupies a definite position with reference to the nozzle, 
varies approximately as the square of the velocity of the gas 
impinging on it. The slight variations in n’ may be caused 
by the influence of the case, and also by interference effects 
due to the position of the vane with reference to the nozzle 
and to the exit pipe. 


TaBLE I.— Meter Reading Throughout=4-57 L.P.M. 


| N.T.P. litres per minute. Altitude 
in feet Metres 
E cnt Calculation, (isothermal ‘ 

xperimen”- | assuming n’=0-5| atmosphere). 

4-57 4-57 —670 —200 
| 3-73 3-76 410,000 3,000 
3-07 3-12 +20,000 6,000 
2:53 2:6 +30,000 9,000 


T=11°C, barometer=779 mm. Hg. 


TABLE II.— Meter Reading Throughout=2-14 Litres per Minute. 


N.T.P. litres per minute. Altitude 
= mies Metres 
Experiment Calculation, (isothermal ; 
* |assuming n’=0-5| atmosphere). 

2-14 2-14 —670 —200 
1-81 1-76 +10,000 3,000 
1-47 1-46 +20,000 6,000 
1-19 1-22 +30,000 9,000 


T=11°C, barometer =779 mm. Hg. 


Tables I. and II. have been inserted to show the agreement 
between experiment and calculation. The calculated values 
have been obtained from the ground level readings of the meter 
by the method given in the appendix. The index n’ in equa- 
tion (6), on which the calculations are based, has been taken 
as 0-5, It will be seen that the discrepancy between experi- 
ment and calculation is never large. The greatest error occurs 
in the second row of Table II.—viz., 1-81—and is probably an 
experimental one. 


4. Experiments at Low Temperatures and Constant Pressure. 


The apparatus used for these tests is shown diagrammatically 
in Fig. 8. The gas from an oxygen cylinder passes through 
throttle valve (1) and thence to meter 4. The water mano-| 
meter is used to measure the fall in pressure between meters 


ll 
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A and B. Manometer (2) is used to read the pressure of the 
gas issuing from B. During the experiments, which were 
conducted at ground level, the pressure drop AB was always 
less than 3-5 cm. of water (about 2-5 mm. Hg.), so that it is 
sufficiently accurate to assume that the pressure of the gas is 
the same at both meters. Care must be taken in connecting 
the manometers to the main flow pipe. When T pieces are 
used they must be free from internal projections. A projection 
or lip on the connection to the main pipe will cause either 
suction or pressure, according to its position with reference 
to the gas stream. This will affect the manometer accor- 
dingly. 

After passing through A, the gas traverses a U tube, ther- 
mally insulated from A, immersed in liquid oxygen, which 
produces a reduction in temperature. Thence it passes 
through B, which is situated in an enclosure packed with cotton 
wool or other insulating material, to an exhausted chamber, 
the pressure in which is kept approximately constant. If the 
flow-meter is to be tested at atmospheric pressure, the chamber 
and throttle valve (2) can be disconnected. By means of the 
apparatus of Fig. 8 it is possible to carry out experiments in 
which the gas pressure can be fixed at 760mm. Hg., or at 
values greater or less than this. This is effected by manipula- 
tion of the throttle valves. In working at pressures different 
from that of the external atmosphere great care must be taken 
to make the whole of the apparatus leak free. The tem- 
perature is controlled by altering the length of the U tube 
in the liquid oxygen. It depends largely on the mass of gas 
flowing through the tube per minute. The larger the mass 
of gas up to a certain limit the lower the temperature of the 
gas passing through meter B. When the system is thoroughly 
cooled, the influence of the mass of gas is considerably less. 
The temperature control may be facilitated by an additional 
U tube immersed in water, which can be heated if necessary, 
or in liquid oxygen, according to requirements. It is neces- 
Sary, when readings are taken at constant temperature, to 
wait until conditions are steady. The temperature of the gas 
should be equal on both sides of flow-meter B. To secure this 
condition it is essential that the flow-meter and the connec- 
tions thereto, should be well insulated thermally. It wasfound 
necessary to pour liquid oxygen into the insulation surrounding 
the meter in order to attain the desired temperature condition. 
Before the flow-meter was insulated, thermometer X regis- 
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tered 95°C. and thermometer Z 10°C. The temperature of 
the gas issuing from the nozzle, however, was almost 95°C., 
and the results were not so erroneous as might have been 
expected. In experiments of this nature it is inadvisable to 
use air, owing to the solidification of the moisture therein, 
which chokes the system and causes a large pressure drop 
betwen meters A and B, apart from other effects. Some 
experiments were conducted by replacing the oxygen cylinder 
and .alve (1) by a calcium chloride drying tower open at one 
end to the atmosphere. These were not satisfactory for the 
above reason. In this case a correction must be made for the 
drep in pressure in the chloride tower. 

When an experiment is being performed with the above 
apparatus the temperature of the gas passing through flow- 
meter B is adjusted to a value, 7, and the flow regulated so 
that the flow-meter gives a definite reading. The pressure at 
meter B is adjusted to a certain value, say the atmospheric 
pressure at the time, by manipulating the throtile valves. 
The reading of manometer (1) should be less than 3-5 em. of 
water. When conditions are steady, readings are taken of 7, 
flow-meter A, T',, flow-meter B and the barometric height. The 
calibration of flow-meter A under conditions almost identical 
with those during the test is found by disconnecting the whole 
of the apparatus to the right of A, and substituting a wet meter, 
the gas from which is discharged into the atmosphere. A cor- 
rection can be made for any variation in conditions, as shown 
hereafter. The readings of the wet meter are reduced to 
N.T.P. These represent the N.T.P. volumes of gas passed 
through flow-meter B during the experiments. It was found 
more accurate to mark the positions of the pointer of flow- 
meter A on a paper scale pasted to the glass than to read A 
directly, since the position of the needle during calibration 
could be obtained more accurately. Meter B is then cali- 
brated in a manner similar to A, when the pointer indicates 
the same readings as those obtained at low temperatures. It 
is really immaterial, for purposes of comparison, under what 
conditions A and B are calibrated at ground level, so long as 
they are identical and the temperature is known. 


5. Results of Experiments at Low Temperatures=and Constant 
Pressure. 


Some of the results obtained are shown in Table II. It 
appears that the agreement between experiment and calcula- 
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tion is better for the two higher than for the two lower readings. 
Considering the liability to errors of observation at the lower 
part of the instrument scale, there is a fair agreement between 
theory and experiment. 
Taste III. 
7 =13°C., barometer=761 mm. Hg. 


N.T.P. litres per minute passing 


Reading of through meters A and B. 
Temperature, meter B 
T (°C). (virtual litres : Calculation; 
per minute). Experiment. | . scsumin g n’=0°5 
—100 5-13 6-55 6-56 
—90 4-18 5-28 5-22 
—80 3:14 3-90 3°83 


| —70 2°33 2-82 ff, SrHtidl 


6. Experiments at Increased Pressures and Constant 
Temperature. 


From equation (6) viz., V=ce,(p/7)°-5, it is evident that the 
effect of increasing the pressure of the gas passing through 
the flow-meter, is equivalent to lowering the temperature, 
since both cause an increase in density. Similarly an increase 
in temperature is equivalent to a decrease in pressure, the 
density in this case being lowered. In view of this, some 
experiments were carried out at increased pressures and 
constant temperature. The apparatus was arranged as shown 
in Fig. 9. The increase in pressure above that of the external 
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Fic. 9.—D1aGRamM OF APPARATUS USED FOR INOREASED PRESSURE TESTS. 


atmosphere is measured by a mercury manometer, and the 
reduction in pressure before the gas passes through 4 is 
effected by a throttle valve. As in the experiments at low 
temperatures, the reading of B is observed and the corre- 
sponding position of the pointer of meter A is marked on 
paper pasted to the glass top. The calibrations of both meters 
are determined as before. In order to avoid a difference in 
temperature of the gas at the two meters, due to expansion 
at the throttle valve, it may be necessary to use a heating 
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tube between the throttle valve and meter A. The heating 
tube was not required in the present case, since the temperature 
was equal on the high and low pressure sides'of the system, 
due to heat obtained from the connecting pipe, &c. In these 
experiments care must be taken to avoid leaks on the high 
pressure side of the system. 


7. Results of Experiments at Increased Pressures and Constant 


Temperature. 
TaBLeE IV. 
T=13°C., barometer=760 mm. Hg. 
Temperature Reading N.T.P. litres per minute 
which produces of B passing through meters 
Pressure same change (virtual Aand B. 
(p, mm. Hg.) in density litres Se 
as p, (°C.). per min.). | Experiment.| Calculation. 
1,255 eee meee 6-55 6-56 
1,188 —90 4-18 5-28 5-22 
1,125 —80 3-14 3°88 3°83 
1,069 —70 2-33 2°72 2-77 


The results are given in Table 4. The agreement between 
experiment and calculation is of a similar order to that obtained 
in the tests at low temperatures. 

The meter readings for corresponding temperature and 
pressure, 7.e., equal gas densities, are tabulated in Table V. 
in order to show the agreement between the two sets of 
observations, both of which were made under practically 
~ the same atmospheric (external) conditions. 


TABLE VY. 
T=13°C., barometer=760 mm. Hg. 


Virtual lit N.T.P. litres per minute, the gas density being the 
Bieta os same for both sets of figures (experiment). 
peter: Increased pressure. Reduced temperature. 

5-13 6-55 6-55 

4-18 5-28 5-28 

3:14 3-88 3:90 

2°33 2-72 2-82 

) 


Experiments have not been carried out at low temperatures 
and low pressures (simultaneous conditions), nor under various 
other conditions possible. Unless extreme temperatures and 


16 DR. N. W. MCLACHLAN ON 

pressures are used there is no good reason to doubt the validity 
of equation (6), under various conditions of temperature and 
pressure. 

In conclusion it should be mentioned that the instrument 
described herein behaves quite well when fitted to an aeroplane. 
The accuracy required in practice is not greater than 5 per 
cent., and the readings are certainly more accurate than this. 
The vibration of an aeroplane when in flight has little influence 
on the accuracy. The reading is affected when the aeroplane 
has an angular acceleration about an axis parallel to that of 
the spindle of the instrument movement. It is not likely to 
be read, however, when the acceleration is large. 


8. Summary of Results. 


The chief results may be summarised as follows :— 

1. The force normal to the flow-meter vane, for a limited 
angular movement, at various temperatures and pressures 
which prevail in the upper and lower strata of the atmosphere, 
is given by F=kpAv*. The value of k varies with the position 
of the vane relative to the nozzle. 

2. A flow-meter will only read correctly if the temperature 
pressure and density of the gas is the same as that used during 
calibration. A correction can be made, however, for varia- 
tion in temperature and pressure by means of the formula, 
V=V(To/po. p/T)-®, where V=N.T.P. volume of gas under 
new conditions, V»=meter reading* ; 7) and p)y=calibration 
temperature and pressure; p and Z7’=new temperature and 
pressure. When corrected for a gas of different density the 
formula becomes V=V,(e/e9. To/po. p/T)°-®. (See Appendix 
for significance of symbols.) 


APPENDIX. 


Relation between Altitude and N.T.P. Volume of Gas per minute 
for a Definite Meter Reading. 


The relation between the height of the isothermal atmosphere 
and the pressure is given by 


h=a log, b/p, 
where h=height, p=pressure, a and b=constants. 
pales Shawl | cipher eee 


* This is N.T.P. litres when the temperature of the gas is 7’, and its 
pressure po. 
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From (6) V=c,(p/T)”, where V=N.T.P. volume. 
Equating the values of p from (6) and (8) we get 


d 
eth 
pe een eee) 
where d=a constant, 
and j=n' ja* 


If n’ and T are constant for a given reading of the meter, 
the relation between V and /is an exponential one [from (9)]. 
When, for all values of h, the product fh is small compared 
with unity, the relation between V and h is approximately 
linear. This can be shown by expanding e~ thus :— 

d d 
=— pli = 
V 7 ia 

If fh—0'1, say, all the terms beyond the second are negli- 

gible, and we obtain 


1 —fh-+-f?h?/21 —f%h’3/3!+-f4h4/4!—, &e.}. 


V= = d—dfh), approximately, 


or Deere he Fr PEN tro, hdl Se (10) 
where mao (See (7).) 

Taking the average value of n’ as 0-5, and the greatest 

value of has 40,000 feet, fh =" — 0-74. Tn this 


case the first five terms of the above series are important, 
and the relation between V and h, over the range h=0 to 
h = 40,000 feet=12,200 metres, cannot be taken as linear. 
The range from ground level, over which (10) is applicable is 
7,000 feet =2,130 metres. 

ff, for a definite meter reading, the value of n’ varies with 
the altitude, it is evidently some function of h. Thus we may 
write v=4 e?t, where o(h) is a function of &. It is pro- 
bably sufficiently accurate for practical purposes to assume 
that n’ is constant. 


i — toe 10-5 when f is in feet, and 5-56 x10-° when & is in metres. 
VOL. XXXII. ; C 
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Correction of Meter Reading at Various Altitudes. 


In (9), when h=0, V=V,=d/T=meter reading at the 
ground. Since 7'=283°abs., d=283 Vo, and hence 


Vaves Vgetil es aoa vee eee 


If there was no variation in V with altitude and temperature, 
equation (11) would read V=V,. Therefore, the quantity 
283e7"/T, may be regarded as the correction factor of the 
meter corresponding to altitude h and absolute temperature 
T (it is assumed that V) corresponds to the N.T.P. volume 
when calibration is effected at 10°C. and 760 mm. Hg.). The 
absolute temperature can be written in terms of h (approxi- 
mately), thus: 7’=283—1-75 x 10-h, where 1-75 x 10-3 is the 
temperature gradient per foot of ascent. Equation (11) now 
becomes 


V = {283 o/(283—-1-75X10-8h)} .e=Veyy, . (12) 
where y= {283/(283—1-75 x 10-8h)} . e*%, 
=correction factor. 


Curves are given in Fig. 10, showing the correction factor 
at various altitudes (a) when the temperature is constant, 7.¢., 
in the isothermal atmosphere ; (b) when the variation of tem- 
perature with altitude is taken into account. The difference 
between curves (a) and (5) is due to the compensation caused 
by reduction in temperature. In curve (6) an average value 
of 1-75°C. has been taken as the fall in temperature per 
1,000 ft. 300 metres of ascent. Fig. 11 shows the curves of 
Fig. 10 on a pressure base. 


Correction of Meter Reading Due to Variation in Temperature 
and Pressure at Ground Level or at any Altitude. 

From (6), V=c,(p/T)°">; where V=N.T.P. volume at 
pressure p and absolute temperature 7. When p=p), T=T, 
and V=V,=meter reading, these being conditions during 
calibration. 

Thus, substituting these values in (6), we find 


C3=Vo(To/Po)°” ; 
a Ves V Dolbe ep hie ea 
where V=N.T.P. volume. 


By means of (13) it is possible to correct the meter reading 
to any absolute temperature T and pressure p. 
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Example of the Use of Correction Factor. 


In the curves of Figs. 10 and 11 it has been assumed that the 
temperature of the gas used for calibration purposes is 10°C. 


2 
a 


Correction Factor. 
2 
“I 


ro) 
cen 


0-5 

10,000 20, 

Altitude in Feet. 

Fig. 10.—Curves sHow1nG CorREcCTION Factor OF METER AT ANY 
ALTITUDE. 
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Fig. 11.—Curves oF Fic. 10 oN A PRESSURE Bass. 


and its pressure 760 mm. of mercury. These conditions will 
not be attained in general. Suppose the meter reads 4 litres 


| per minute when calibration conditions are such that T)=15°C. 
C2 
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and p)=737 mm. Hg., 1.e., the N.T.P. volume of gas passing 
through the meter per minute under these conditions 1s 
4 litres. At 10°C. and 760 mm. Hg. the N.T.P. volume 


288 _760\°* 
of gas when the meter reads 4 L.P.M. is 4( x - 


=4 x 1-025=4-1 litres per min. When the meter reads 4 at, 
say, 30,000 ft.=9,000 metres, the N.T.P. volume of gas is 
(4-1Xcorrection factor)=4:1Xx0-64=2-6 litres per minute. 
The above procedure is necessary if the correction factors of 
Figs. 10 and 11 are to be used properly. If the reading of the 
meter had not been corrected to 10°C. and 760 mm. Hg., the 
error would have been 2-5 per cent. 


Correction of Meter when Used for Gases of Different Densities. 


When a gas other than that used during the calibration is 
passed through the meter, the reading can be corrected in the 
following manner :— 

From (13) we have V=V(To/po p/T)°* the density of the 
gas at 7’) and » being 9. If, however, the density of the 
gas flowing through the meter at 7) and pois e, the true value, 
t.e., the N.T.P. value, of Vis Vo (p/po)°"®. Whence 


V=V(0e/90- To/Po. p/T)®, 
where V, is the reading of the meter. 


ABSTRACT. 

The theory of an instrument for measuring the rate of flow of a gas 
is outlined, the effects of variation in the temperature and pressure of 
the gas being taken into consideration, This theory is tested experi- 
mentally for pressures varying from 1,250 to 250 mm. Hg., and for 
temperatures from 10°C. to 100°C. It is found to be fairly accurate. 
The results are applied to the measurement of the rate of flow of gas on 
an aeroplane in the upper atmosphere, where a reduction in temperature 
and pressure is encountered. It is shown that the instrument reading 
for a certain N.T.P. volume of gas depends on the altitude, but that 
this volume can be obtained by using a correction factor. 


DISCUSSION. 

Mr, C. C. Paterson asked if the results depended on the structure of the 
meter, since the Paper only referred to one type. ; 

Dr. A. GRIFFITHS suggested that some automatic method of compen- 
sating the error would be advantageous as a direct reading instrument was 
always desirable. 

The AuTHoR, in reply, said that compensating devices were under 
inves figation when the war came to an end. The pressure effect could be 
compensated by using an aneroid control to vary the area of the nozzle, 
but he did not see how the temperature effect could be easily corrected. 
As regards the structure of the meter, the diameter of the nozzle was 
about 3/32nds of an inch, and the rectangular vane was mounted very 
similarly to the moving parts of a moving coil ammeter. Either electro- 


Sa ie damping or, for laboratory purposes, ordine,ry fluid damping could 
e used. 


See es: 


Fic. 1.—CompPiern Bacrance, Firrer Paper ww Position. 


To face p. 21. 
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Il. A Cheap and Simple Micro-Balance. By Cart. J. H. 
SHaxBy, B.Sc., University College, Cardiff. 


RECEIVED, Juty 11, 1919. 


THE name micro-balance should, perhaps, hardly be applied 
to the instrument described below, as it is designed for maxi- 
mum loads varying between 5 milligrams and 5 decigrams. 
It is a simplified and rough form of a piece of apparatus de- 
signed for smaller loads, to be used in a research which the war 
has postponed. 

The present type was put together for bacteriological use, 
to weigh small drops of fluid absorbed in bits of filter paper, 
rapidly and with an accuracy of one or two parts in 1,000. 
The balance was required to be reasonably robust and port- 
able, and above all cheap. It has proved suitable for its 
purpose, and also in weighing small samples of mixed powders. 

The principle is very simple: A light thread has its ex- 
tremities attached to the lower ends of a pair of nearly vertical 
rods 2 ft. or so apart, each of which is pivoted at a point very 
little above its centre of mass. Thus, a very light load sus- 
pended at the middle of the thread causes a considerable 
depression of that point. The depression is not quite pro- 
portional to the load; but a series of five weights, one-fifth, 
two-fifths, &c., of the maximum load, gives means of cali- 
bration. 

Detail of construction is Ulustrated in the diagrams, and 
is as follows: The metal parts are built up of “ Meccano” 
~ strips of various lengths, fixed together where necessary by 
the small nuts and bolts supplied with the sets. The fixed 
framework consists of a long horizontal arm, 2 ft. in length, 
built up of two 25-hole strips, with three holes overlapping, 
supported at a height of about 1 ft. by a sort of tripod. This 
is built up of three 25-hole strips (as shown in the photograph, 
Fig. 1), two of which are in a vertical plane, while the third, 
bent slightly about the third to fifth holes from the top, slopes 
away like the back leg of some easels. The lower end of this 
leg may be bent so as to lie flat on the table, to which a 
drawing-pin through the last hole clamps it rigidly and holds 
the whole frame steady. 

To the ends of the horizontal beam are fixed short pieces 
bent twice at right angles, so that they lie as shown in the plan 
of the end of the beam (Fig. 2). 
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Each of the two vertical suspended arms consists of two 
strips, the lower a 25-hole one and the upper a 6-hole one, 
bolted together through their end hcles. The purpose of this 
is to allow of ready variation of sensitiveness, as explained 
later. A short piece (} in. long) of glass tubing with rounded-off 
ends is cemented into the 15th hole from the free (lower) end 
of the longer strip ; this hole is slightly below the centze of 


Fic. 2.—PLan oF END oF FrxEp Bram. 


mass of the compound strip. A small nut and bolt a few holes 
lower brings the centre of mass down sufficiently and permits 
of adjustment. The middle points of two short bits of copper 
wice are joined by a thread of ordinary sewing silk, so that 
the free length of thread is about equal to the distance AB 
(Fig. 2). One bit of wire is then passed through the end hole 
at A, through one of the glass tubes, 7, and through the end 
hole at B (bent temporarily toward A), so that the wires now 
lie flat on the outer sides of A and B, and keep the thread taut. 


Fig, 3.—D1acGRAM oF SUSPENSION. 


The movable arm is thus suspended (Fig. 3) with very little 
friction. The other arm is supported similarly at the other 
end of the fixed horizontal beam. Light aluminium vanes 
attached to the lower ends of the vertical arms play in water 
dashpots and keep the whole dead beat. 

A thin wire hook is also soldered on near the bottom of each 
arm (Fig. 4). Thin wire loops are attached to the ends of an 
unspun silk or other fine fibre of length equal to the distance 
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between the pivots of the movable arms, the loops are slipped 
over the hooks and the lower ends of the movable arms thus 
linked together. The tension in the thread, and thus the 
sensitiveness of the balance, can be largely and immediately 
varied by changing the angle between the two strips which 
make up each compound movable arm. The parts of the 


__ Thread 


WA 


vane 


Fic. 4.—Lowrr Enp or MovasiLe ARM. 


balance will not in general be quite symmetrical, so that if one 
arm has its two parts in a straight line the other will have to be 
adjusted slightly, in order that the lower portions may rest 
at the same small angle with the vertical, 7.e., so that the middle 
point of the fibre shall lie directly under the middle point of the 
fixed horizontal beam. To decrease the sensitiveness, both 
the upper short strips are to be turned inward. If they are 
turned cutward the fibre is usually no longer kept taut, so 


Fig. 5.—Ciie AND FILTER PAPER, 


greater sensitiveness cannot be obtained thus ; if it is necessary, 
the small adjusting nuts are raised nearer to the pivots. 
The loads are supported by a very light aluminium-foil 
clip loosely looped over the middle of the fibre ; the scrap of 
filter paper is inserted in this (Fig. 5). For powders a small 
thin paper scalepan replaces the clip, 
Weighings are made thus. The calibrating weights are 
inserted in turn, and the resulting depressions noted. In the 
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case of weighing a drop the filter paper is included in all the 
observations. The depression due to the object to be weighed 
is finally observed, and its weight readily found from a calibra- 
tion curve. 

Of course the deflections could easily be measured by a 
cathetometer microscope, but as has been said above, cheapness 
was a sine qua non. The balance itself costs about eighteen- 
pence, and an auxiliary microscope costing several pounds was 
clearly ruled out. The deflections were measured as follows : 
A cardboard slider carrying a zero mark, and pierced by a 
circular “ peephole ” about the size of the pupil of the eye is 
attached to a millimetre scale, which is set up vertical 2 ft. or 
3 ft. in front of the balance. A small cardboard tube closed 
at one end (the cap of an old rather wide thermometer case) was 
blackened inside, and across its mouth was stretched a fine 
fibre, which thus showed up sharp and white against the dark 
background of the interior of the tube. This was put an inch 
or two behind and slightly lower than the middle of the long 
balance fibre. If both fibres are horizontal a position can be 
found for the slider on the scale, so that one fibre hides the other 
from an eye looking through the peephole, when the clip is 
unloaded, and for each successive load. The deflections thus 
measured on the vertical scale are clearly equal large multiples 
of the actual deflections of the middle of the balance fibre. In 
practice it is found that the setting of the slider can be made 
with the greatest certainty, not with a horizontal fibre or a 
pair of cross-hairs on the tube, but with a single fibre set at a 
slight angle with the horizontal. The slider is adjusted so 
that the horizontal part of the balance fibre appears to bisect 
the short fibre in the tube. The angle between the two fibres 
should be small, and the slider can then be set with great 
precision; an astonishingly small displacement noticeably 
upsets the bisection. 

ABSTRACT. 

= The instrument, devised for bacteriological use, had to be cheap and 
moderately robust. It consists of a long horizontal fibre joining the 
lower ends of two vertical beams, each pivoted very little above its 
centre of mass. A small weight acting at the middle of the fibre thus ~ 
causes a considerable depression. This is read off by arranging a 

slider on a vertical millimetre scale about 2 ft. in front, so that the 
middle of the fibre and a second short fibre placed just behind it are in 
line with a “ peephole” on the slider. Adjustment is provided, for 
quickly and largely altering the sensitiveness. The deflections are 


converted to masses by the use of calibrating weights. The apparatus 
is built up from a “‘ Meccano ”’ set. 
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DISCUSSION 


Mr. C. C. Parerson thought the instrument would have many useful 
applications. Had the author considered the possibility of making it a 
null method ? A simple electromagnetic arrangement could be employed 
for the purpose. ; 

Prof. Brace suggested a simpler null method, which consisted in the 
addition of weights to attachments to the side pieces. The arrangement 
could be such that quite considerable weights had to be added to produce a 
slight disturbance of the balance. 

Mr. T. Smrre asked if the author had tried reading the position of the 
fibre against a thick thread mounted parallel to it, instead of the inclined 
thread he had described. If the thick thread were brightly illuminated, 
and the fibre adjusted so that it appeared to bisect the width of the thread a 
very accurate setting would result. 

Dr. D. Ownn asked for the sensibility of the instrument shown at the 
meeting. 

Mr. F. J. HARtow asked the form of the calibration curve. 

Prof. Lrxs said the instrument reminded him of a well-known text-book 
method for measuring small horizontal forces, in which the force produced a 
small horizontal displacement of a weight suspended by a long thread. If 
two such suspended weights were connected by a horizontal fibre to which 
small loads could be attached, a micro-balance somewhat similar to Mr. 
Shaxby’s would be obtained. - : 

The AvrHoR, in reply, said Mr. Paterson’s suggestion was interesting. 
He had made some attempts to convert the instrument into a null one with a 
magnetic control below the load. He had also tried Prof. Bragg’s sugges- 
tion, by mounting weights on short horizontal arms near the fulcrums of the 
vertical rods. As regards sensitivity, readings could be repeated to about 
1/500th of the maximum load for which the balance was adjusted. The 
calibration curve was nearly a straight line. 
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III. The Resolution of a Curve into a Number of Exponential 
Components. By Joun W. T. Watsu, M.A., M.Sc. 
(From the National Physical Laboratory.) 


RECEIVED SEPTEMBER 9, 1919. 


Synopsis.—In many problems connected with the growth 
and decay of radio-active substances it is necessary to resolve 
an observed curve into two or more component exponentials 
of different half-periods. 

Thus, for example, in a series of n successive transformations 
the amount of the nth product N(¢) at any time ¢ is given by 
N(t)=cye—*+c,e—*/++ 2... +o,e7""(*). 

The problem dealt with in this Paper is the determination of 
the 2n constants ¢,c,...¢, and A,A,... A, from the 
form of the observed curve for N(é). 


Let it be assumed that the expression for the curve to be 
resolved has the form 
B=a,e—"--a e+... +a,e—#, 
and let By B, B, . . . By,_ybe 2n values of B at equidistant 
intervals of ¢. Then, assuming a,4,... to contain the 


constants e~7 e~-’" . . . where t is the starting point of 
the time series, and writing a,a, ... for e~™*, e~*2t | | 


Coe 
B= 24,4, 
B,= 20,04, 
Bye Gee 
If now aa... . dy be the n roots of the equation 


py ae. Py 18 Pn =O; 
then 


Bapm +P Pintm—y <3 “PPeBa=0, 
where m<n, for the left-hand member of this equation 
=2a,0,"t"+p,Za,at™-14 .. . +p, dae,", 
=20,/a"t"-+ pant) + Pna,"], 
which is zero, for since a,a,. . . a, are the roots of the equation 


oi aa “Radioactive Substances and Their Radiations.” 1913, 
Dp: : 
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in & written above, each term written in brackets vanishes 
separately. Hence we have n equations of the type 


Baa m+PrBasm—it ees +p, B=, 


where m has the n integral values 0 to (n—1). 
Hence, eliminating p,p.... ~, between these equations and 
the equation in x written above, we have 


aie Cae Pree buen Val San 
2 a ale | eC ; SOR (18 

Bisa B,, m—Ioe 6 st B, B, 

Bon 1 Bons Bon—s - ev keaele ne Ba 


From this equation the values of a,a,...a, are found 
(graphically if necessary). 

Substituting in the original equations the values of aja,... 
thus obtained, the values of a,a,... are determined by means 
of any convenient set of n of the original equations for 
BB, . 

As an example of analysis into two exponentials let us 
take a case in which the observed values at 100, 400, 700 and 
1,000 days were 278, 107, 70 and 50 units respectively. 


Then BZ 
B=107 
Vp ea 7 
Ba 50 
and a 1 =0 
70 107 278 
50 70 107 
4. €., 8,011lz?—6,4107+-450=0, 
giving z=0-7014 and 0-0769. 
Hence a+b=278 
and 0:7014a+0-0769b=107 
0:6245a—107 —21-4=85-6, 
, ¢=137-1, 
and b=140-9. 
Hence 


é—100 t—100 
B=137-1x (0-7014) 300 +-140-9 x (0-0769) 300 
= 154-3 e—9°00118t_41_ 331.4 @—0-00855t, 


where ¢ is expressed in days, from the point ¢<=0. 
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If, as is usual, the observations are taken over an extended 
period, possibly at irregular intervals of time, the values of 
B,B,... required by the above method are obtained by 
plotting the observed values, drawing a curve through them 
by eye, and then reading from the curve the values at the time 
interval selected. 

It is, however, desirable to ensure that the values of the 
constants found represent the whole of the observed values 
so as to make the probable error a minimum. This may be 
done by finding, from the calculated expression, the value of 
the function at each observed point of the curve. If 0, be 
the difference between the calculated and the observed values 
at any point, and if a,...a, and A,... 4, be the values of a 
and A found as above, then if the most probable values of these 
quantities be a,(1+0,)... and 1,(1+ ,)..., 8 and can be 
found from all the available equations of the type 

0,== 2G ,(1+6,)e— 9+ Ps! — Saye—Mt, 

Now if 6 and 9 are small, so that squares and products may 

be neglected, this becomes 

0,=& {a,e—"'0, —a,h,t93}, 
and from all the available observations, the most probable 
values of 6,... and 9,... may be found by forming the 
normal equations in these quantities as usual. 

As an example, seven of the observations from which the 
curve was drawn to give the values used in the example on 
p-. 27 were as follows :— 


TABLE I. 

t. By. Or. B; (calc.). apHe | 

4] 402 +21°:3 398-7 +3:°3 

74 325 + 7:5 323-6 +1:4 

139 224 — 7:8 227°3 —4-9 

295 126 — 9:5 129-8 —3:8 

443 99 + 0-1 96°3 +2:-7 

669 71 — 0:3 70:3 +0:7 
1,205 42 + 46 36-9 +5:1 


Rees ie memati Set a | 
Using the expression found for B, on p. 27, we can obtain the 

values of 0, given in the third column above. From these 
values the following normal equations result :— 

85266 0;+76129 0.419960 ©,+53905 o,+2295—0 

76129 0,+96588 6,4+ 7444 ©,152912 0,+5260=0 

19960 0,+ 7444 0.410253 9,+ 8871 9,—51-9 =0 

53905 0,+-52912 4,4 8871 ©,+38912 o,+1015=0 


Pe ee 


ee ee ee a ee EN ee ee 


eh 
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These give 
0,=+0-0039 
6,=+0-134 
=+0-:0063 
os=+0-148, 
Hence B=154-9 e— 000191 375.8 e—000982¢, 


The values of B, found from this expression, and the dif- 
ference from the observed values 0,’, are shown in columns 4 
and 5 respectively of Table I. 

The method is, of course, analogous to the Lagrange-Dale 
method of analysis of a compound periodic function,* sim- 

plified for the less complicated case of pure exponentials. 

_ It is clear that a similar method may be employed to analyse 
a curve of the form Q=2a,e—'cos (p,t+a,), for this is 
_ identical with the form 


Q=2 {A,e—! + Bye™4} . 


APPENDIX. 


The following method of computing the determinants of 
_the fourth order required for the treatment of a compound 
exponential of two elements may be of interest. If a deter- 
minant of the fourth order be 


ay as as a, 
by bs bs by 
Cy Co C3 C4 


dy ds ds d, 


it may be written as 


G4 A_| X [Cy Cy| + [G34] X [Cy Col — Re X [Co Cy 
bibe| \ded,| [5 by LS d,| |b, peep 
alte x [Cy Cs| + |@1 4 ? + tx Cy Cy 
lbs Bal duds] [by By babs| |dydy 


Thus the 5 fourth order determinants in the solution of the 
four normal equations may be expressed as sums of products 
of 20 minors of the second order. 

The sixth order determinant may be similarly resolved 
either into second or third order minors. If third order minors 


* J. B. Dale, Roy. Astron. Soc., M.N., 74, p. 628, May, 1914. e z 
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are used, work with logarithms may be facilitated by the 
following scheme of writing :— 


Write (A B C as 
D E F 
G HA K 


where (A) stands for log A, ete. 


Adding each row and column, and writing down the anti- 
logarithms, the difference between the sum of the anti- 
logarithms of the rows and the sum of the anti-logarithms of 
the columns is the value of the determinant, for this 


—ABK+BFG+CDH 
_GEC—HFA—KDB. 


ABSTRACT. 
The Paper gives a method for the resolution of a curve of the com- 


nr 
pound exponential form B= Xa,e— st into its components, the values of 


1 
a and i for the » different exponential terms being found from 2n 
values of B equidistant along the axis of t. A method is also given for 
finding the most probable values of these constants from any number 
(>2n) of observed values of B taken at irregular intervals of ¢. 


DISCUSSION. 


Mr. T. Smirs said the crux of the matter appeared to lie in the proper 
choice of the number of components, and this was not touched on in the 
Paper. It was possible to come to a decision provided the observations 
covered a sufficiently long period. Suppose one felt justified in taking n 
terms, but was uncertain whether or not to go to n+], a comparison of the 
outstanding errors when first n and then n+1 terms were taken wo uld 
reveal whether there was any advantage in introducing the extra one. 

Prof. Brace asked whether in the event of uncertainty as to taking n or 
n+-1 terms it made much difference which was adopted. Did all the old 
2’s change and another one of comparable magnitude come on? 

Mr. T. SMITH said the new A might well be quite large. 

Mr. E. H. RAyN=ER pointed out that it depended on the relative values of a, 
and ) whether there would be much difference in taking n orn+1. 

Prof. Lrrs asked if the method worked when the a’s were negative ? 

The AvuTHOR, in reply, said that in some curves the value of n was known 
from a priori considerations ; and in some other cases it was sufficient to 
take enough terms to fit the experimental curve well. The modifications 
of the ’sin taking n+1 instead of n terms was not simple. In ordinary cases 
all the X’s would be varied, and a new one comparable with the others added. 
The method applied equally to negative a’s. 
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_ IV. On the Self-inductance of Single-layer Flat Coils. By S. 
Butrerwortu, M.Sc., The National Physical Laboratory. 


RECEIVED OcTOBER 1, 1919. 


1. The extended use of flat inductance coils in high- 

frequency electrical measurements renders desirable the 
development of simple formule for the predetermination of 
the inductance of such coils. A modification of Weinstein’s 
formula* for coils of rectangular channel section has usually 
been employed for this purpose. This formula fails, however, 
_ when the inner radius is small. 
It is the purpose of the present Paper to extend the modified 
_ Weinstein formula, to supply a formula suitable for coils of 
_ small inner radius, and to use the two formule to compute a 
_ table (Table I.) for the use of designers of flat inductance coils. 
_ Some applications of this table are also given. 


2. The method of obtaining the formule is one of integra- 
tion, starting with a suitable formula for the mutual induc- 
tance between two coaxial co-planar circles. 

_ Maxwellt has given two elliptic integral formule for the 
mutual inductance between two coaxial circles. When the 
circles are also co-planar these reduce to 


M=4nv Aa {(2/k—k)K(k)—2/kE(k)}, . 2. © (Q) 
or, M=8nA{K(a/A)-E(a/A), . ...... (2) 


in which K and E are complete elliptic integrals of the first 
and second kind respectively ; a, A are the radii of the circles, 
and k?=4Aa/(A+a)?. 

In (2) A>a always. 


3. Derivation of Extended Weinstein Formula. 


Let R be the mean radius of the flat coil, 2X be the coil 
depth, and n be the number of turns per unit of length. Also 
let m(z,7r) be the mutual inductance between two co-planar 
coaxial circles, whose mean radius is r and radius difference is 
22. Then by summation of the mutual inductance between 


* Weinstein, “‘ Wied. Ann.,’’ XXI., p. 329, 1884; Bull. Bureau of Stan- 


dards, VIII., p. 137, 1912. 
+ “Electricity and Magnetism,” Vol. II., 701. 
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the elementary filaments of the flat coil the self-inductance of 
the latter is 

Ladnt[ dof” A AN WLS ek ce aa 

0 R-X+2 
The integral (3) may be evaluated by expressing m in terms of 
«andr. The required expression may be derived from (1) by 
developing into a series involving only k’ the complementary 
modulus of k, for 
k’ =(1—k?)t=(A —a)/(A+a)=2/r. 

The suitable seriesf is 


125, 4 EI Sese yee tI taRI2 32 
M=4ar( Dot 55h *O +55 —Ga* *O.t55 aa @a* 6O,+ oe ) 
(4) 
in which 
@O,)=log, 4/k’ —2 1 
1.2 
O,- OF i 
ie 
O,— DiSe | 
| es) 
O,— ®,=3-35 
1 2 
De eee 
Applying (3) to the first four terms of (4) 
43\ | 44 96 
L= 16a RX{ (1-3-4 ( +S) zA( i428) 
412 , 98579 
1705" oan) oa | a 


in which 
A=log, 4R/X, z=X/4R. 


The first two terms of this series constitute the modified 
Weinstein formula. 


The series converges for all possible values of X and R. 
* For the method of building up this integral, see Butterworth, ‘‘Proc.” 
Phys. Soc., XXXVIL., p. 376, 1915. ; 


t Bromwich, “ Quarterly Journal of Pure and Applied Mathematics,” 
No. 176, p. 363, 1913 ; Butterworth, “ Phil. Mag.,” XXXL, p. 276, 1916. 
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In the worst case when the inner radius is zero X/R=1, and 
the value of the terms in { } of (A) are then 


0-886 0-207 0-012 0-002. 
Thus, assuming the four terms evaluated approximate sufii- 


ciently closely to the true sum, the Weinstein formula gives a 
result about 1 per cent. low in the extreme case. 


To verify this result a formula is now developed which is 
suitable for large values of X, that is, for a small inner radius 
of the flat coil. 


4. Using Maxwell’s second formula {(2) above} and putting 
G for K—E, the flux ® through a circle of radius x in the 


plane of the coil is 


Sana [ Gafoyda-[ aGwjayda, 


in which r,, 7, are the inner and outer radii, or by a change of 
variables 


@=8ana?( i G(u)dp+ i ss G(u\dp/p?), De. rel) 
The self-inductance of the flat coil is 
L=n| Ode, 
so that, integrating (5) by ore 


La antrss | (1a [ry Quay, Pena t Pe 


in which C=) yi ha 


The evaluation of (6) involves integration of K and # with 
respect to the modulus. The required integrations have been 
discussed by the author in an earlier Paper.* 

Using the notation and results obtained therein, (6) reduces 


to 
L=amn*r,® {u,—1 091+) —w-+2aB—a(l—a?)K}, Pam is 


in which 
u =| Kdu, v= | Kdul/u, 
0 a 


1 
—— | Kdu=1-831931248 
0 


* “ Phil. Mag.,”? XXIX., p. 584, 1915. 
VOL. XXXII. D 
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(7) may be expressed in series by making use of the series for 
K, E, u, v, giving 
lhe ren?r 3[2(u,—1)/a-+a8 {2(u, —1)/a+$—log 4/a+e}] (B) 
in which : as 
COLL ao SOF Gale NG 2n+ 
763 (5 NL RT a non 1 jan) 


This formula is most convergent when a is small and is thus 
suitable for coils having a small inner radius. 


5. For the case of zero inner radius formula (B) gives 
L=6-96957n?r,3, 
formula (A) gives 
L=6-956n?r,3, 
while the first two terms only give 
L=6-8in’?,°. 

Thus, in the most unfavourable case for formula (A) the 
error is of the order 0-2 per cent., while the Weinstein formula 
gives a result 1-5 per cent. below the true value. For the 
case a=0-5 

L=4-743502n?r,° by (A), 
L=4-743500n?r,° by (B). 
The two formula thus check each other. 
For general computation formula (A) usually the most 


rapid to work with, while formula (B) may be used as a check 
formula. 


6. For practical calculations we may write 


L=Qrr,°, : (C) 
and tabulate Q as a function of 7,/7,. This is done in Table I. 
TaBLeE [. 
7/72. Q. 14/12. Q. 11/9. Q. | 
0:00 ... 6-970 0:35... 5-996 0-709 Su 2:528 
0:05 ... 6-964 0:40 it nnbOon 0:75" 7...) 1-946 
0:10 ... 6930 0:45, 2 5218 0:30) sa.) 807 
0-15 ... 6:845 0-50 ... 4:743 0:85... 08892 
Q:205) 3... 6728 O-DO meee 4c2ol 0-90 ... 0:4574 
0:25 ... 6544 0-60 ... 3-682 0-95... 0°1394 
} 0:30 ... 6-300 0:65 ... 3-105 1:00... 0-0000 
Self-inductance in centimetres =Qn?r,°. 
7,=Iinner radius (centimetres). n=turns per centimetre. 


r,—=outer radius (centimetres). 
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7. Flat Coil of Best Time Constant. 


The (direct current) resistance of a flat coil wound closely 

with circular wire is 

4on?(r.? —r,*) =49n5r,?(1 —a?), 
p being the resistivity of the wire, so that the time constant is 
proportional to Qr,/n(1—a?). 

Also for a given length and section of wire 7,2(1—a?) and n 
are fixed, and therefore (by eliminating r.) the time constant is 
proportional to @/(1—a?)*/?. By calculating this quantity for 
various radius ratios we obtain the variation of time-constant. 
It is found (see Table II.) that the maximum time constant 

_ occurs when the inner radius is about 2/5 the outer radius. 
| The maximum is, however, very flat, the coil having 90 per 
| cent. of the maximum efficiency if r,/r,<0-7. | 


| TABLE II. 

a=00 ... Ol 0-2 0:3 0-4 0:5 
Q/(1—a?)?"2=6-97 ... 7-03 715 7-25 7-32 7-30 

| a=06 ... O-7 0:8 0-9 1-0 

| Q/d—«?)82—7-:18 ... 6-94 6-46 5-50 0-00 


The best time constant for a single layer cylindrical coil is 
_obtained when the length (6) is 4/5 of the radius (a), and in that 
case L—14-90n’a*, n again being the number of times per 
centimetre. For a flat coil of the best time constant 
L’ =5-632n?r,°. 

To compare the two cases we require the radius @ of the 
cylindrical coil which can be wound with the same length of 
wire asthe flat coil. Thisis a=0-725r,, with r,;=0-4r,. 

Using this L=5-666n?r,°. 

The cylindrical coil is thus slightly better than the corre- 
sponding flat coil. 

8. Mutual Inductance between Coaxial Coplanar Flat Couls. 

The mutual inductance between two coaxial flat coils in the 

| same plane can be obtained from Table I. as follows :— 


: me inner) . 
Let the inner and outer radii of the| feos be 
outer 


T1» To) 
be A 
Denote the self-inductances of the two coils by L,, L,, 


and that of the coil which would fill the interspace by Lg. 
D2 
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Denote the mutual inductances between these three coils by 
M,,, M,,, My. Further, let L,, L, in series have self- 
inductance L,; L,, Lin series have inductance L; ; HE Se 
L, in series have inductance Lg. 

Then L£,=L,+L,+2M,, - 1,=L,°L,+2M,, L,=L, 
+£,4-L,+2M,,+2M eyt2M,,, from which the three M’s 
can be found since the L’s are known from Table I. 

In particular 


Myy=(Le—L,—L,—L,), 
or, in terms of Q 
M.S =_n* 747( Qe, —Oraiey) SAO iret Qrajrg)t * 

A simple case is where there is no interspace, and the inner 

coil has zero inner radius. Then 
M=3r°R* (Qo(1—a*)—Q,}, 

in which a=7/R, Ris the outer radius, 7 the dividing radius. 

In order to give some idea of the magnitude of the various 


inductances, the following table has been calculated from the 
above formula :— 


TABLE III.— Mutual-inductances Between Flat Coils. 


m. Ly, |n3R8, L,[n2R°. M|n?R. k. 

0-1 0-00697 6-93 0-0162 0-074 
0-2 0-0557 6-73 0-0930 0-152 
0-3 0-1880 6-30 0-240 0-220 
0-4 0-446 5-63 0-446 0-280 
0-5 0-871 4-74 0-678 0-333 
0-6 1-503 3-68 0-892 0:379 
0-7 2-39 2-53 | 1025 0-421 
0-8 3-56 1:397 1-005 0-451 
0-9 5-08 0-457 0-715 0-470 
0-92 5-23 0-317 0-611 0-474 
0-94 5-79 0-1910 0-495 0-470 
0-96 6-17 0-0942 0-356 0-465 
0-98 6-56 0-0272 0-192 0-454 
1-00 6-97 0-0000 0-000 0-000 


L,=Self-inductance of inner coil. 

L,=Self-inductance of outer coil. 

M=Mutual inductance between coils. 
k=Coefficient of coupling=M/ V7, T,. 
r=Dividing radius. ; 
a=r/R. n=Turns per centimetre. 


ABSTRACT. 


Two formule are established for the computation of the self-induc- 
tance of single layer flat coils, one for the case when the inner-and 
outer radii are not very different and the other for the case of small 
inner radius. The two formulz are shown to be consistent and capable 


ee | Pe a 
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of including all possible cases. From the formula a table is calculated 
which enables the inductance to be expressed in the form L=Qn?r°, in 
which » is the number of turns per cm., r the outer radius and Q 
is a tabulated function of the ratio of the inner and outer radii. 
Some applications of the table are given. 


DISCUSSION. 


Dr. Eccrss recalled the very useful Paper published by the author some 
years ago, giving formule for thick coils. He had found these extremely 
useful, and felt sure that the results of the present Paper would prove 
equally valuable. He felt that people hardly realised their indebtedness 
to those who undertook these very laborious calculations for the help of 
the users of coils. 

Dr. EK. H. RayNeR pointed out how useful such formule were in the 
construction of inductances. Almost anyone could make up a resistance 

| to have any desired value; but it was another matter with regard to in- 
| dactances. With formule such as these, however, it was possible with the 
| simplest appliances to construct an inductance to within 1 per cent. of the 
| required value. 
| Prof. G. W. O. Howr communicated the following: In the “ Archiv fir 
| Elektroteknik,” Vol. 3, 1915, page 187, is a Paper by J. Spielrein, entitled 
“The Self-Induction of Air-Core Spirally-wound Coils” (see “Science 
| Abstracts,” Elec. Eng., 1915, No. 660). Spielrein’s final formula is 
| L=T*rsf(r,/r2), where T is the total number of turns, whereas Mr. Butter- 
worth’s formula is L=n?r'Q, where n is the turns per cm. Since 
T=nr.,—1,) Spielrein’s formula can be written L=n{ry—14)*rof(r1/172). 
Hence Q=(r.—14/19)"f (14/72) =(1 —14/T 2)°f (71/2). 
Now Spielrein gives a table of f(r,/r,) to seven places for all values of 
—-r,/rz from 0 to 1 by steps of 0-01. Comparing Spielrein’s f(r,/r2) with 
Mr. Butterworth’s Q we have :— 


71/T 0 | f(71/2)- (L—1y/12)?f(71/72)- Q. 
0-0 6-969573 6-969573 6-970 
05 | 18-97400 474350 4-743 
0-9  — 45-74241 0-4574241 0-4574 
{ 1-0 | 2 0Ox® 0 


Tt seems obvious that Mr. Butterworth was unaware of this Paper. 

Tue AUTHOR, in reply, said he had not known that Spielrein had tackled 
the problem. He was afraid it rendered his Paper somewhat unnecessary. 

Dr. Eccuzs pointed out that it was of great importance that two inde- 
pendent investigators obtained results in such striking agreement. 
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V. An Experimental Method of Determining the Primary 
Current at Break in a Magneto. By N. W. McLacutan, 
D.Sc., MI.E.E, (From the National Physical Laboratory.) 


(ComMUNICATED By F. E. Smrru, O.B.E., F.R.S.) 
RECEIVED OcToBER 3, 1919. 


In carrying out research on various types of magneto, it is 
sometimes necessary to know the value of the current broken 
in the primary circuit. Since the effective resistance and 
inductance of the primary winding under conditions prior to 
break are small, it is difficult to ensure that the insertion of 
apparatus in the primary circuit will not alter the usual 
working conditions. For this reason the oscillograph is out 
of the question for accurate measurement. Mr. A. P. Young* 
has devised graphical and analytical methods of determining 
the shape and magnitude of the primary current up to the 
point of break. With a view to facilitating the measurement 
of the primary current at break the following method has 
been developed. 


Self Capy.+ 
Auxt Condsr 


High Insulation 


Primary Condenser 


Fig. 1.— DIAGRAM SHOWING ARRANGEMENT OF APPARATUS FOR REDUCING 
AND MEASURING THE PEAK VOLTAGE OF A MAGNETO. 


Apart from the voltage after break due to rotation, the 
secondary peak potential of a magneto is very nearly pro- 
portional to the current broken in the primary circuit. Thus 
in order to determine the current broken at various speeds, 
the peak voltage is found and a curve plotted showing the 
relation between voltage and speed for any definite position 
of the timing lever. This curve must be corrected, the 
ordinates being reduced by an amount equal to the voltages 
due to rotation at the speeds in question. The apparatus 
used is shown in Fig. 1}. The voltage rises with the speed 


* “ Journal” Aeronautical Society, No. 82, April, 1917. 
t Campbell and Paterson, “‘ Phil. Mag.,” Vol. XX XVII., March, 1919. 
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until in the neighbourhood of 100 revs. per min., sparks occur 
at the safety gap. In order to reduce the voltage of the magneto 
below that necessary to spark the safety gap, either a definite 
non-inductive leak can be allowed in the secondary circuit, or a 
condenser can be connected across the secondary terminals, 
or from the high tension lead of the secondary to earth. The 
condenser is probably preferable, since for a given reduction 
in peak voltage it will not affect the primary current before 
break as much as a resistance. The capacity (and the power 
factor) of the condenser should be as small as possible, and it 
should not leak. The capacity used in these experiments, 
including the distributed capacity of the secondary winding, 
was 600 picofarads. In this way a curve showing the relation 
between secondary peak voltage and speed can be obtained. 


_In order to determine the voltage after break due to rotation, 


Wal 


This Fig. is not drawn , full Advance 
to scale. i state (Circuit Opened) 
Full Retard 
\! eo (Circuit Opened) 
dD: 
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BAC | 
{ ' 
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: 


Fig. 2.—D1AcGRAM SHOWING PRIMARY OPEN Circurr VoLTacE WAVE 
OF MAGNETO. 


the magneto is run at various speeds with the condenser on 
the secondary, the contacts of the breaker being insulated, 
1.€., on open circuit. The relation between voltage and speed 
with the condenser was not quite linear, owing to the increased 
condenser effect at high speeds. The effect of the condenser 
was to increase the voltage due to rotation by 15 per cent. 
at 1,200 revs. per min. The voltage determined in this 
case was the rotational peak voltage. To estimate the 
fraction of the latter voltage, which must be subtracted 
from the total peak voltage in order to obtam that due 
solely to interruption of the current, the open circuit voltage 
curve is obtained by means of an oscillograph, or a point to 
point method. In using the latter method, it is necessary to 
find the rotational open circuit voltages at advance and retard 


' 
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only. When the open circuit voltage curve is used, a vertical 
line is drawn at either the full advance or full retard positions, 
as shown in Fig. 2. This curve is taken from Mr. Young’s 
paper (loc. cit.), and may be adopted for the magneto Co 
in these experiments without introducing appreciable errors. 

The open circuit peak voltage due to rotation is #F and the 
voltage at advance break is AB and at retard DC. Knowing 
the ratios AB/EF, DC/EF, and the value of HF as found from 
a speed calibration test, the value of the voltage to be sub- 
tracted from the total peak voltage can be calculated. Allow- 
ance can be made for the lag of the peak voltage behind the 
breaking of the current, if necessary, by shifting AB and CD 
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Fig. 3—ARRANGEMENT OF CIRCUIT USED FOR CALIBRATING MAGNETO. 


to the right by the requisite amount, but this refinement is 
probably superfluous. 

The system is then calibrated by using the circuit shown in 
Fig. 3. : 
A battery and non-inductive rheostat are connected in 
circuit with a separate contact breaker and the primary of 
the magneto. In order to reduce earth capacity effects (see 
Fig. 6), and the effect of transients through the battery and 

* On full advance the correction is about 15 per cent. when the speed is 
2,000 revs. per min., so that an error of 10 per cent. in the voltage due to 
rotation is only an error of 1-5 per cent. in the primary current at break. 
On retard the correction is 2:5 per cent. at 2,000 revs. permin. The correc- 


tion decreases with decrease in speed, and is very small on the initial portions 
of the curves of Fig. 4. 
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rheostat before and after break to a minimum, the connections 
of Fig. 3 should be adopted. In this respect it is advisable 
to use a portable battery in preference to a portion of a large 
main battery. The armature of the magnets is clamped in the 
position at which break would occur during rotation, e.g., 
full advance or full retard. Precautions are taken to ensure 
a sufficiently small time constant, so that the current through 
the armature attains its maximum value before the circuit is 
broken. The current should produce a magnetic field in the 
same direction as that of the induced current when the mag- 
neto is operated in the usual manner. In order to allow for 
leakage from the peak voltage measuring apparatus, the 
contact breaker should run at about 600 revs. per min. With 
two breaks per revolution this gives 20 breaks per second. A 
series of readings of current broken in the primary of the 
magneto and the peak voltage are taken. 

There is a slight difference between the working conditions 
and those during calibration. Under running conditions, 
using a condenser across the secondary, the current through 
the armature and the flux are reversed, whereas with a 
fixed rotor and a separate contact breaker the flux is never 
reversed. The induced voltage wave of the magneto is peaked, 
whereas with the contact breaker and a battery the voltage 
is constant. Moreover, the flux change in the iron before 
break is different in the two cases. Thus the magnetic history 
of the iron will be different. These variations in conditions, 
however, ought not to have a very appreciable effect, and 
it is probable that the results are sufficiently accurate for all 
_ practical requirements. Whatever may be the difference 
between the two conditions, the method yields results which 
are useful for purposes of comparison. 

In order to ascertain the effect of the condenser across 
the secondary on the value of the current broken in the 
primary, found by the method already described, compara- 
tive tests were carried out with and without the condenser. 
The voltmeter employed would not read above 10,000 volts, 
owing to the nearness of the fixed and moveable vanes, so 
that readings could not be taken at a speed of more than 
100 .evs. per min. This difficulty was overcome by using 
either a core of thick iron, e.g., strips about 4mm. thick, or a 
core of the same type as that used in practice, but of half the 
cross-sectional area. The actual core was also used, the 
voltage being reduced by introducing air gaps into the magnetic 
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circuit between the laminated vertical limbs in the housing 
and the core. The peak voltage was found at various speeds 
up to 2,000 revs. per min. with and without the condenser for 
different positions of the timing lever. The ratio of the peak 
voltages, with and without the condenser at full retard, was 
about 3 per cent. less at 80 revs. per min. than at 2,000 revs. 
per min. On full advance there was a closer agreement at all 
speeds. 

The ratio of the peak voltages found by direct current 
calibration, was about 2 per cent. less than that at 80 revs. 
per min. and 5 per cent. less than that at 2,000 revs. per min., 
when the timing lever was fully retarded. At advance the 
agreement was better. Thus, considering the difficulty of 
obtaining accurate results in magneto research, the effect of 
the condenser, although it increases slightly with the speed, 
is not of much importance. The increase in peak voltage is 
probably chiefly due to the effect of the condenser on the 
behaviour of the iron (it decreases the damping 27 per cent. 
owing probably to the reduction in the frequency of the 
oscillations), but there is doubtless a slight increase in the 
primary current at high speeds. It was not always possible 
to repeat the readings to within 1 per cent.‘ Variations of 
3 per cent. were obtained and it was observed that these were 
connected with the previous history of the iron. 

The current at break can also be found by using an armature 
having the same type of core and the same number of primary 
turns as that used with the condenser. The number of 
secondary turns must be reduced from 10,000 to 3,000, so that 
the peak voltage can be obtained at all speeds. The armature 
is calibrated in the manner indicated above. Using an arma- 
ture of this type there was a close agreement between the 
values obtained by the two methods at full advance, but an 
increase of 20 per cent. at low speeds with the timing lever 
fully retarded. At high speeds the armature gave values 
about 2 per cent. low. These differences can probably be 
accounted for by inequality of the iron cores, and by the fact 
that the small armature was wound on a brass former whilst 
the other was not. In the advance and retard positions the 
configuration of the magnetic circuit and the polarisation 
due to the magnet are different, owing to the altered position 
of the rotor.* The value of dB/dt is different, and the mag 


* The rotor was partially laminated, and the proportion of the oscillatory 
magnetic circuit which was laminated at retard, was greater than at advance. 
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nitude of the negative flux is greater in the latter case than 
in the former. The highest flux density in the armature 
is greater at advance than at retard, but the total flux change 
between make and break is greater at retard than at advance 
(see Fig. 9). It is for this reason that the current and energy 
at high speeds, with the timing lever fully retarded, are 
greater than the same quantities at full advance. At low 
speeds the current and energy at break are less on retard than 
advance, because in the one case break occurs after the cur- 
rent has attained its maximum value, whereas in the other 
it occurs when the current is almost a maximum. This is 
due to the fact that at low speeds the effective resistance of 
the primary winding is of greater importance than the in- 
ductive reactance. Thus as the speed increases, the angle (on 
the time axis) between make and the occurrence of the maxi- 
mum primary current also increases. Owing to eddy current 
and hysteresis losses the effective resistance of the primary 
increases with the speed. Since the screening effect of the 
eddy currents increases with the speed, the effective permea- 
bility of the iron decreases, and therefore the inductance of the 
primary in any given position decreases. Hence, there is a 
certain speed for which the current at break is a maximum. 

It follows from the preceding that two apparently similar 
cores which gave approximately the same value of the current 
at advance would not necessarily do so at retard. Another 
armature having standard primary and secondary windings, 
viz., 150 turns of 22 S.W.G. and 10,000 of 41 S.W.G. enamelled 
wire, wound on a brass former, was tried. The readings were 
in close agreement at advance, but at retard they were 15 and 
4 per cent. less at 90 revs. per min. and 1,700 revs. per min. 
respectively, than those obtained with the reduced armature. 
At low speeds on full retard or advance it was found that the 
primary current was the same with and without the condenser. 
It is evident, therefore, that the performance in these cases 
depends chiefly on the quality of the iron cores, although 
with a condenser across the secondary the transient oscillations 
which occur after make, may influence the magnetic behaviour 
of the iron. It is desirable in practice to use a condenser 
across the secondary in preference to an armature with a 
reduced secondary. In the former case the current under 
actual working conditions is obtained and assumptions 
have not to be made with regard to the quality of the iron 
cores. 
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The results of some experiments on an inductor type, 


B.T.H., A.V.8s magneto* are given in Fig. 4. It should be 
mentioned that the magnet was not magnetised to its maximum 
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extent, since the machine had been dismantled before the tests 
were carried out. This, however, only affects the absolute 
magnitude of the current in the armature. 
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Fiy. 5.—Dracram or APPARATUS FOR MEASURING THE PRIMARY CURRENT 
AT BREAK IN A MAGNETO BY THE AID OF AN AUXILIARY INDUCTION COIL. 


It may be of interest to outline another method of measure- 
ment which was tried, but without success. The circuit used 
is illustrated in Fig, 5. 


, 


* The experiments described herein refer to this type of magneto, unless 
otherwise stated. 
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An auxiliary iron-cored induction coil with a primary of 
very small inductance (5 microhenries at 50 ~) and resistance 
0-005 ohm, is inserted between one end of the primary winding 
of the magneto and earth (not a virtual but an actual earth). 
There is no mutual inductance between the coil and the mag- 
neto. The auxiliary coil, as shown in Fig. 5, does not appear to 
be in the primary or secondary oscillatory circuits after break, 
provided the magneto is prevented from sparking, and provided 
the high-frequency oscillations in the primary do not pass 
through the initial are or spark when the contacts of the 
breaker separate. 

A condenser of about 0-1 microfarad is connected across 
the terminals of the auxiliary coil to prevent sparking at the 
contact breaker, since the magneto condenser is not connected 
directly across the breaker. The secondary winding of the 
auxiliary coil is connected to earth and to the filament of a 


Sec¥ 


Earth Capacities 
shown Dotted. 


Earth. 
Fig. 63 


two-electrode ionic valve which serves to rectify the oscilla- 
tions. The anode of the valve is connected to an electro- 
static voltmeter reading to 160 volts with a condenser in 
parallel to allow for voltmeter leakage, which latter must be 
extremely small. The other terminal of the voltmeter is 
connected to earth. It would appear that the reading of the 
voltmeter is a measure of the current broken in the primary 
of the auxiliary coil, and therefore of the current in the primary 
of the magneto. This, however, was found not to be the case 
as will be explained later. 

It is well known that sparking or flashing occurs periodically 
at the contact breaker of a magneto. It was found that the 
voltmeter was subjected to violent impulses from time to 
time, the intervals between the impulses decreasing with 
increase in the speed of rotation. They were particularly 
noticeable during changes of speed and at high speeds. At 
low speeds their effect could be eventually wiped out by 
allowing a slight leak on the voltmeter, and by increasing the 


46 DR. N. W. MCLACHLAN ON 


primary capacity. This, however, caused a large error in the 
reading. It was suspected that these impulses were due to 
~ the oscillations in the primary of the magneto traversing the 
primary of the auxiliary coil via the are at the contact breaker. 
There is also another possible reason for the passage of 
oscillatory current through the primary of the auxiliary coil. 
This is due to capacity effect to earth of the magneto windings. 
This can be represented by condensers as shown dotted in 
Fig. 6. 

ii the magneto is allowed to spark, high frequency oscilla- 
tions pass through the auxiliary coil and increase the reading 
of the voltmeter enormously. 

The auxiliary coil is calibrated using the circuit of Fig. 3. 
Owing to the voltmeter leakage being large to allow for impulse 
effects, the reading increased. with the speed of rotation of the 
contact breaker. The method is, therefore, unreliable. 


Investigation into the Effect of a Condenser, Across the Secondary 
Terminals of a Magneto on the Primary Current at Break. 


The induced voltage wave of a magneto is peaked as shown 
in Fig. 2, and therefore contains pronounced higher harmonics. 
In the analytical treatment of the above problem we will for 
simplicity, since the condenser effect 1s only of the second 
order of magnitude, assume that the induced primary and 
secondary voltages are sinusoidal in wave form. It is the 
slope of the voltage wave which is the determining factor for 
the capacity current, but we can virtually increase the slope 
by taking an equivalent frequency greater than that of the 
alternation of the flux. Thus, at high speeds of, say, 1,800 revs. 
per min. the effect of capacity will be much greater than at a 
speed of 80 revs. per min. 

The oscillations which occur after interruption of the 
primary current are assumed to have died away in a time 
which is small compared with the interval between break and 
make. In experiments on the same magneto as used pre- 
viously, it was found that the ratio of the first maximum of 
the voltage wave to the first minimum was 1-8 with the con- 
denser and 2-5 without it. Thus, assuming a mean frequency 
of 5,000 ~ per second, the oscillations would have been 
reduced to 1 per cent. of their original value after 8x 10-4 sec. 


with and 6x 10-4 sec. without the condenser. At 1,800 revs.: 


per min. the time between break and make is about 5 x 10-8 sec. , 
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so that the above assumption is justifiable. These oscillations 
will have an effect on the magnetic behaviour of the iron. 

Since the induced current and voltage waves in the mag- 
neto, before break, are not sinusoidal, and since the permea- 
bility of the iron is not constant, the values of the primary 
and secondary inductances and effective resistances cannot 
be considered constant. Owing to the fact that the con- 
denser effect is small, it is sufficiently accurate to assume 
that the inductances and effective resistances are constant 
and have the same values as those measured at the equivalent 
pulsatance q, in this case about 1,500==250 ~ per second, or 
four times the frequency of the flux. 

Between break and make there is a condenser in both the 
primary and secondary circuits. The capacity reactance is 
very large compared with the resistance, and the latter can 
therefore be neglected. After make, there is no capacity in 
the primary circuit, but the effective resistance is comparable 
with the inductive reactance, so that it cannot be neglected. 


Let L, L,=effective inductance of primary and secondary 
windings, assumed constant ; 


M=wmutual inductance, assumed constant, also that 
Ly3=L yp 5 
k=coefficient of coupling ; 


g, and g,=quantities of electricity in primary and 
secondary condensers ; 


7, and 7,=currents in primary and secondary circuits ; 
C, C,=capacities in primary and secondary circuits ; 
R,=eflective resistance of primary winding, assumed 


constant ; 
By. : : 
5 ae ead of turns on primary and secondary 
n 
2 2 


windings. 

Considering the rotational effect between break and make, 
after the main high frequency oscillations due to the cessation 
of the primary current have died away, we have for the 
primary circuit 


L,D*q,+MDq,+ P=, sin Ao at aa a 
1 


where e,=/, sin wt is the E.M.F. induced in the primary 
due to rotation and D=d/dt. 
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For the secondary circuit the equation is similar 
LyDq,+MD4,+ B=E, since i! ete) 
2 


The arrangement of the circuits is shown in Fig. 7.* 


Cz 


Contact Breaker: 
Open 


Earth 
Fig. 7. 


Solving these equations we obtain the primary current, 
4 a : (ul hy i) ] 
—| > .—-1 t 
OL ALMIEO 5 a Gyns ) neon 
at ~) ( ae \ oto z 
( irs fi onnay iar Talal ee 


a transient which dies away rapidly, and can therefore be 
neglected la 5) oe ay ie ie er 


Lyk 
(C; ‘s Short- 
Cireuited) 
Breaker Closed 
Earth. 
Fig. 8. 

When the contacts close equation (2) remains unaltered, but 

(1) becomes (see Fig. 8) 
£,D?q,+MD'¢,+R,Dq,=E, sin wt . . . (4) 
Solving (2) and (4) we obtain 


R ¥ af 
‘44=const. Le he ae eae Sin hee 
meee 


* The analysis has been worked out on the assumption that the primaty 
and secondary circuits are coupled, but not directly connected, as shown in 
Fig. 7. This does not introduce appreciable errors in (7). 
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a transient which can be neglected, since it will have died 
Peeylomm score break vt Se iaie a Sess! (6): 


where 
E 1 { N (L3\* 
posta] el, Me (sy _117. 
Wine Az) il]; 


—FoG | 
G2 -- w*?H2 a 
since 7,==0, when wt=0, for its value from (3) is very small. 


| If C,=0, 1.e., there is no secondary condenser, and k=0, we 
_ obtain from (5) 


Const = 


i _ Bg 6-+sin (wt—6)] (6) 
(REF orl) ce 


where 0=tan-'wl,/R,; as we should expect, since the 
primary has then only resistance and inductance, and the 
" secondary is inoperative. 

Thus, since the self-capacity of the secondary is small, the 
effect of the condenser on the primary current is obtained by 
subtracting (6) from (5). 

The following numerical values for the constants of the 
primary and secondary circuits will be taken :— 


L,=5 xX 10-3 henry, 

D,=25 henries, 

C,=6 x 10-1° farad (=self capacity of secondary+-condenser ) 

R,=2 ohms, 

_@=1,500 or f=250 wper sec., 
N2/n1=65, 

k?=0-9. 

Substituting these values in the expressions for f,G and H 
we find that the quantities 


N> 7L 
OW I Aa eal -1]: w(1—k?); w?, 
o[ ey) ( 
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can be neglected. Thus we can write 


H = @* R 
feet Le =>. Hee . 
FTC) ewe toh gee 
Hence, substituting these values in (6) we obtain, 


a ae ees eae sin 6+ sin (wt—6)] (7) 

Linx (RY? + oD?) vie 
Since (6) and (7) are very nearly equal, it follows that a 
condenser of 600 picofarads across the secondary circuit has 
no appreciable effect on the primary current at break. The 
same reasoning holds if 7,=0 when wt=a, and break takes 
place when wt=a+z/2. In either case the effect of the 
condenser is less than | per cent., assuming no dielectric loss. 


Adv... .ake Adv.Break 


Fy = Flux Change at Advance. 
Fp2f lux Change at Retard. 


-----— 


f (This Fig. is not drawn - 
in to acale.) 


Ms _. 
Ret.Make fet. Break 


Fig. 9—D1aGram SHOWING FLUX CHANGE IN MAGNETO at FouLh 
ADVANCE AND AT FuLL RETARD. 


The diagram is only an approximate representation of the flux changes 
at advance and retard. The actual slope at 7/2 is greater than that shown, 
and when advance break occurs the flux is negative. 


The relative displacements of make and break on the time 
axis at full advance and full retard for a B.T.-H. inductor type 
magneto are shown in Fig. 9. 


Since the foregoing was written some experiments have been 
carried out with a Thomson-Bennett E.4 rotating armature 
magneto. In this machine the peak voltage and, therefore, 
the primary current, is greater at all speeds on advance than 
on retard. This is due partly to the design of the cam for 
operating the contact breaker, since it controls the relative 
positions of make and break, and also to the setting of the 
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timing lever. The capacities of the condensers necessary to 
reduce the peak voltage below that to cause sparking at the 
safety gap at 1,800 revs. per min., were 1,800 picofarads on 
full retard and 3,800 picofarads on full advance. Both of 
these values are greatly in excess of that used with the B.T.-H. 
machine.* The influence of the condenser on the primary cur- 
rent would be greater at advance than at retard, its magnitude 
being from 3 to 4 per cent. at 1,800 revs. per min. With the 
B.T.-H. inductor type magneto a condenser of 3,800 picofarads 
would have a greater effect, since there are two alternations 
of flux per revolution, whereas in the Thomson-Bennett there 
is only one flux alternation per revolution. 

With the Thomson-Bennett machine the open circuit voltage 


| was greater than with the B.T.-H. On full advance, where 


the rotational effect is greatest—assuming the same phase 
relations and wave form as those of Fig. 2{—the voltage due to 
rotation is 20 per cent. of the total peak voltage at 2,000 revs. 
per min., if the latter is controlled by the safety gap. A cor- 
rection of this magnitude is too large. In general it is not 
of great importance to know the value of the primary current at 


_ speeds above 1,000 revs. per min. If, however, it is necessary 


to exceed this speed of rotation, some method of reducing the 
proportionate effect of the rotational voltage must be adopted. 
This can be accomplished in two ways: (a) using an armature 
with a reduced secondary in which case no condenser is re- 
quired ; (6) cutting the safety gap out of action, using an 
electrostatic voltmeter reading to 15,000 voltst and reducing 
the size of the auxiliary condenser. In either of these cases 
‘the machine has to be partially dismantled, which is rather a 
| laborious process if method (a) is adopted. 


ABSTRACT. 


A method of obtaining experimentally the current at break in a 
magneto is described. A condenser is connected across the secondary 
\winding to reduce the voltage below that to cause sparking at the 
ssafety gap. The peak voltage due solely to interruption of the current 
cat any speed is found. ‘he interrupted direct current necessary to 
ive the same peak voltage is also found by using a calibrating circuit. 


i * As indicated above the magnet of this machine was not fully mag- 


netised. The designs of the two types of machine, however, are quite 


different. og 
+ It is advisable, of course, to determine the secondary open circuit 
voltages at retard and advance for the particular machine under test. 
{ This is about the voltage at which a rotating armature magneto sparks 


across at the slip-ring when the safety gap is removed. 
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The magnitude of this current is equal to that broken in the magneto. 
The influence of the secondary condenser on the primary current at 
high speeds is discussed. 

DISCUSSION. 


Dr. Norman CAMPBELL (communicated the following): It is quite 
possible to make satisfactory measurements on the primary current of a 
magneto by inserting in the circuit a small non-inductive resistance and 
taking the potential difference across it by means of a rotating “ contactor.” 
The total resistance inserted need only be 0-03 ohm; 0-01 for the leads 
and 0-02 for the measuring resistance. By the use of a suitable potentio- 
meter method a change of 0-62 amp. can then be detected, which is ample 
for practical purposes. It was found that on increasing the total resistance 
inserted to 0-11 ohm, the current did not change by as much as 3 per cent. ; 
accordingly the disturbance caused by the resistance of 0:03 ohm must be 
quite inappreciable. 

With this arrangement it is possible to test the accuracy of Dr. McLachian’s 
method by examining whether the secondary peak potential is proportional 
to the primary current. It was found that it was very accurately pro- 
portional when the current was changed by varying the strength of the 
magnets. By changing that strength within wide limits it seems possible 
to change all currents and potentials in the circuits without changing 
appreciably their ratio or wave form. 

On the other hand, considerable discrepancies, amounting sometimes to 
10 per cent., were found when the secondary peak potential produced by 
breaking a primary current generated by rotation of the armature was 
compared with that produced by breaking the same current supplied by a 
battery. My experience indicates that errors of this order might occur in 
using Dr. McLachlan’s method (allowance, of course, was made for the 
E.M.F. generated directly in the secondary by rotation of the armature). 

For the rest, my experiments agreed in general with those of Dr. 
McLachlan. Since I have not kept the records I cannot discuss them in 
detail; but I remember being surprised how different was the open-circuit 
voltage wave which I found from that shown in Fig. 2. 

Dr. Eccie&s said that Dr. McLachlan had used an indirect method and 
then made a series of check experiments to show that the various errors 
introduced are negligible. Dr. Campbell had mentioned a direct method. 
He thought that direct methods were preferable where possible; and 
suggested that the Dufour cathode ray oscillograph would have been the 
ideal instrument for the investigation of the magneto. 

Dr. RAYNER said there was one point about which he felt doubtful 
in the direct current calibration. The calibrating flux was not employed 
in the same way as the working flux, one being reversed and the other not. 
He thought some method might be devised to avoid this discrepancy. 
He was afraid the power required to work the Dufour oscillograph might 
be greater than was readily obtained from a magneto. 

Dr. Econrs: An amplifier could be used. 

Prof. LExEs pointed out that the important thing in these researches was 
that we were obtaining knowledge about the magneto, which has hitherto 
been treated almost wholly on empirical lines. 

The AutHor, in reply, stated that he had tried the method outlined by 
Dr. Campbell, but without the use of a rotating contactor. The results were 
unsatisfactory owing to the effect of transients before and after break. In 
order to eliminate these, it is essential that the contactor vircuit should be 
broken before the primary. This, however,-does not eliminate transients 
before break. The effect of these will be evident from the remarks in the 
Paper on the auxiliary coil method. Unless the interval between the break- 
ing of the two circuits is small, errors can easily arise. Dr. Campbell’s state- 
ment regarding resistance only applies at high speeds « ‘, say, 700 revs. per 
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min. or more. At low speeds, owing to the small value of the primary 
inductive reactance, the current is nearly proportional to the resistance. 
This will be seen from Fig. 4, since the current-speed relation is linear, and 
the E.M.F. is proportional to the speed. Hence, increasing the resistance 
to 0-03 or 0-11 ohm, as Dr. Campbell did, would entail a reduction in current 
6 es 22 per cent. respectively on the initial portions of the curves of 
If the method of measuring the voltage drop across the resistance is one 
which gives the peak value, the current at break is measured only when the 
maximum value does not occur before break. If the maximum occurs 
before break, as it does at retard, the peak voltage across the resistance is 
not a measure of the current at break, although the values so obtained may 
be proportional to the secondary voltage of the magneto found by altering 
the strength of the magnet. The question arises as to whether the peak 
voltage—due solely to interruption, as found by Dr. Campbell’s method— 
is proportional to the current broken when the speed is varied. 

There are several ways in which discrepancies may arise in measuring the 
peak voltage by breaking a direct current in a magneto. (1) If the direction 
of the current is different from that during rotation, errors of the order 
mentioned by Dr. Campbell may occur. This can be tested by moving the 
armature through 180 electrical degrees and repeating the experiments. (2) 
The position of the armature at break must be found fairly accurately, since 
the polarisation of the core due to the magnet varies with the armature posi- 
tion. Polarisation affects the primary and secondary effective resistances and 
conductances, also the flux change due toa given current. These reacton the 
peak voltage. (3) The peak voltage found by breaking a direct current 
(flowing in the proper direction) at advance or retard is not the same for all 
armature positions. This is probably due io some asymmetry. (4) The 
rectifying valve should pass no reverse current, and at low armature speeds 
the leakage should be extremely small. (5) Great care must be taken to 
prevent sparking at the separate contact-breaker used for calibration. If 
sparking, or rather arcing, occurs, there are variations in the peak voltage, 
and the battery and rheostat form part of the oscillatory circuit. 

Unfortunately, Dr. Campbell does not state (a) the type of magneto, (0b) 
the values of the currents, (c) the speeds, (d) the position of the timing lever, 
(e) whether the 10 per cent. error was in excess or defect. In practice one 
is generally concerned with currents of 2 amperes or more, and there does 
not seem to be any definite reason why the method given in the Paper 
should be subject to errors of 10 per cent. in measuring currents of this 
magnitude if the precautions outlined above are taken. 

Dr. Kecles’ suggestion to use the Dufour oscillograph for measurements 
on the magneto was contemplated eight months ago. Up to the present, 
however, it has not been possible to secure one of these instruments. Without 
oscillograms of the voltage wave form obtained by apparatus of this nature 
it is impossible to know precisely what happens in the secondary of a magneto 
after break. With regard to Dr. Eccles’ reference to the use of an amplifier 
to measure the primary current, difficulties may arise due to transients 
which would influence the valve circuits. Owing to the fact that the mag- 
neto radiates oscillations of very short wave length (10 to 30 metres), a 
further source of trouble with the amplifier might arise. This, however, is 
a matter for experiment. 

The point raised by Dr. Rayner, and mentioned in the Paper, should not 
have serious consequences for currents of 2 amperes or more. In view of 
the fact that an appreciable variation exists between the performances of 
magnetos of the same type, it is not necessary to measure the current more 
accurately than 5 percent. This will be clear when one remembers that only 
about 30 per cent. of the prmary electromagnetic energy in the form }LJ° is 
transformed into electrostatic energy in the secondary. The chief object 
in the determination of the primary current was to obtain an estimate of the 
value of 3122. 
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VI. Note on a Modified Form of Wehnelt Interrupter. By 
F. H. Newman, A.R.C.Sc., B.Sc., University College, 


Exeter. 
ReEowiveD Oot. 7, 1919. 


Tue Wehnelt interrupter is not used generally owing to the 
rapid disintegration of the platinum wire, and also because 
the current required for the working of the cell is large. If, 
however, a modified form is adopted these disadvantages dis- 
appear. A plate of aluminium, area 50 sq. cm., takes the 
place of the lead plate, the other electrode being platinum 
wire sealed in a glasstube. These electrodes are immersed in a 
saturated solution of ammonium phosphate made alkaline with 
ammonia. This interrupter works equally well with direct or 
alternating currents. In the former case the wire must be 
made the positive electrode, while with alternating currents 
the passage of the current is such that the wire is positive to 
the aluminium. The cell works with a minimum potential 
difference of 18 volts, but the frequency of the interruptions 
increases with the applied potential difference. The current 
produced is intermittent, and depends on the surface area 
of the wire, becoming greater as the surface area increases. 
Thus, with a wire 5 mm. long and 0-3 mm. diameter, the current 
with a P.D. of 30 volts is 1-0 ampere, which increases to 1-4 
amperes, when the P.D. across the terminals is 100 volts. With 
a wire 20 mm. and 0-3 mm. diameter the current is 3 amperes 
for a P.D. of 35 volts. Working with a 6 in. induction coil the 
current in the secondary is very steady and unidirectional, and 
can be used for X-rays or where a steady unidirectional dis- 
charge is required for any length of time. The interrupter 
with 5mm. of wire has worked continuously for 10 hours 
without much disintegration of the platinum wire or heating 
of the liquid. The ordinary Wehnelt interrupter could not be 
used for such a long period. It was placed directly across the 
mains of 100 volts alternating current, and connected in series 
with the primary of the induction coil. No condenser nor 
make-and-break is required, and the great advantage is the 
small current necessary for the working of the interrupter, 
and yet the secondary discharge is quite steady and of high 
tension. For the production of unidirectional secondary 
currents this interrupter works very well, and requires little’ 
attention. 


THE WEHNELT INTERRUPTER. 55 


DISCUSSION. 


Capt. C. E. S. Puruxres said it was important that the experiments should 
be repeated on the scale required for ordinary X-ray work. He would be 
glad to afford the author any facilities he required for this purpose. Had 
he tried the use of potassium carbonate instead of ammonium phosphate ? 
In the X-ray service in the Army a reliable portable interrupter was badly 
required. The objection to the ordinary Wehnelt was that a voltage of 
80 to 100 was required. 

Mr. W. R. Coorsr asked if rectification was essential to the working of 
the instrument. Would plates of other metals than aluminium work ? 

Mr. NEwMAN said he had not tried other salts. Any metalwould serve, 
but aluminium was best and required the least voltage. 
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